Pairing via Index theorem 
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This work is motivated by a specific point of view: at short distances and high energies the 
undoped and underdoped cuprates resemble the 7r-flux phase of the t-J model. The purpose of this 
paper is to present a mechanism by which pairing grows out of the doped 7r-flux phase. According to 
this mechanism pairing symmetry is determined by a parameter controlling the quantum tunneling 
of gauge flux quanta. For zero tunneling the symmetry is d^2_y2 +idxy, while for large tunneling it 
is d^2_y2. A zero-temperature critical point separates these two limits. 

PACS numbers; 74.25. Jb, 79.60.-i, 71.27.+a 



It is now well appreciated that the unconventional 
properties of the cuprate superconductors are best man- 
ifested in the underdoped regime. For example there is 
a crossover temperature T* > Tc below which a pseudo 
spin gap opens up. In addition, recent angle-resolved 
photoemission spectroscopy shows a common feature be- 
tween the underdoped and undoped cuprates - a high- 
binding-energy peak whose dispersion is similar to that 
of the spinon in the tt flux phase ||l[ of the half-filled t-J 
Model, [g Due to this result, there is a spreading feeling 
that at short distances and high energies the undoped 
and underdoped cuprates resemble the tt flux phase of 
the antiferromagnet. 1^-^ 

For undoped cuprates this feeling is supported by a re- 
cent work of Kim and Lee. Q Starting from the free Dirac 
spinous of the tt flux phase, Kim and Lee show that gauge 
fluctuation binds spinon and antispinon and causes their 
condensation into the ordered Neel state at low temper- 
atures. This work demonstrates that even though the tt 
flux phase physics (i.e. free spinon excitations) is distant 
from the reality, gauge fluctuations can restore the right 
low temperature behaviors. 

In the following we extend this point of view to the 
underdoped regime. The question we would like to ask is 
"can gauge fluctuation produce pairing out of the doped 
TT-flux phase" . Interestingly we find a particular mecha- 
nism which yields either (1^2 _y2 + idxy or 6,^2 _y2 pairing 
symmetries depending on a parameter controlling the 
quantum tunneling of gauge flux quanta from +4>q to 

The model: 

The model we shall consider is the U(l) gauge theory 
of the doped 7r-flux phase. The low energy degrees of 
freedom are: spinous (Dirac-like fermions) , holons (non- 
relavistic bosons), and an U(l) gauge field. The model is 
defined by: 



Z= I i?[§±,vI/±]D[6,5]DK]e-/''*'''^^, 



(1) 



£= b [{dt - Mfc - iao) + t;— (p - a)^] b 



\bb\' 



2mb 2' 
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(^,±^); a =t, I labels the spin state; '^±a 



In the above ± refers to the two "Dirac points" Q± 

V'l±Q 

are spinon fields; 6 is the holon field; p = V/i; and 
ax,cry, (Jz are Pauli matrices. 

The fluctuation of a^ tends to bind particles of op- 
posite gauge charges. There are two obvious candidates 
for the bound states: (a) a spinon-antispinon pair, and 
(b) a holon- antispinon pair. In the undoped antiferro- 
magnetic phase, the first scenario is realized. Indeed, 
the Neel-ordered state can be thought of as a conden- 
sate of the spinon-antispinon (i.e. magnon) pairs. We 
view the unusual properties of the underdoped regime as 
due to the competition and compromise between bind- 
ing scenarios (a) and (b). A particular example of the 
compromise is the formation of stripes. (ll| In this case 
holon-antispinon and spinon-antispinon exist in differ- 
ent spatial regions. Another example is the formation 
of pairs of physical holes. In this case two holons and 
two antispinons (hence (a) and (b)) occur in the same 
composite. This pairing mechanism is the subject of the 
rest of the paper. 

The index theorem 

Let a(x) be a static gauge field. The eigenvalue prob- 
lem 



cr • (p - a)^ = E^ 



(3) 



where 



has N^ — 1 normalizable zero-energy solutions, where 

iV^ = /d2a:(Vxa(x))/0o. § 

Pairing by index theorem 

Let us imagine starting from the half-filled 7r-fiux 
phase, and allow V x a to nucleate N + 1 fiux quanta. By 
index theorem, such fiux quanta produce 4iV zero-energy 



spinon levels. (4A'', because of two Dirac points and two 
spin directions.) At half-filling 2N of these levels are oc- 
cupied. As the result the flux quanta lift 2A'' spinous to 
the Fermi energy so that they can be removed by dop- 
ing. We note that in the above argument there is a free 
choice, namely, the polarity of the flux quanta. 

Now let us come to finite doping (x > 0). In order to 
produce the right number of zero-energy spinous we have 
to allow a density, x/2, of flux quanta in V x a. In order 
for these spinous to be true zero-energy these flux quanta 
must have the same polarity. 

In the above discussion the flux quanta are implicitly 
assumed to be static. In the following we shall relieve 
that assumption. We shall treat V x a as a fluctuating 
flux density satisfying 



< V X a(r,i) >= B = -^q. 



(4) 



(Here < ... > stands for space and time average.) At 
the mean-field level, the spinous see an uniform magnetic 
field, and have the following spectrum 



E„ 



sig'n(m)v^ 



(5) 



At doping concentration x the E = Landau band is 
empty and all bands below that are occupied for both 
spices of spinous. Consequently, single spinon excitation 
is gapped. 

Now let us go beyond mean-field. We write 



^ext,fi i f^^/i: 



(6) 



where V x a^xti''^, t) — |0o and a^^tQ = 0. By integrating 
out the spinon excitations above the mean-field vacuum, 
we obtain the following effective action for Sa^: 



Seff = / did\{^|e| 
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\6a^dy5a\}. 



(7) 



Here e = (d^Sai — dida^, do6a2 ~ d2Sao) and b = diSa2 — 
d2Sai are the electro-magnetic field associated with 6a^. 
Eq. (R) implies that the long wavelength spinon den- 
sity fluctuation {5 p spinon) is locked to the fluctuation of 
V X (5a so that 
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-V X (5a. 
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Physically Eq. (H) implies that two antispinons are bound 
to a quantum of V x a. 

Next we look at the holons. By putting Eq. (7) to- 
gether with the remaining boson terms in Eq. (2) we 
obtain: 



did x{h[{dt — iSao — /i;,) 
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Eq. (^ describes semions in an external magnetic field 
V X SLext corresponding to filling factor v = 2. For semions 
this is the right filling factor for the formation of quantum 
Hall liquid. Thus at low energies 
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(10) 



Physically this means that two holons bind with each 
quantum in V x a. 

Thus each quantum of V x a binds two antispinons and 
two holons together. The composite is a pair of physical 
holes. The pairing symmetry is dx^-y^ +idxy, exactly the 
same as that obtained in Ref . MM . In addition this pair- 
ing mechanism is one example of the topological pairing 
of Wiegmann. |10| 

Instanton effects 

It is likely that we are now loosing readers. This is 
because there is a consensus that the T-breakiug pair- 
ing mentioned above is not realized in the cuprates. In 
the following we demonstrate a mechanism by which the 
dx2-y2 + idxy pairing state is turned into a pure dx2^y2 
one. 

The mechanism is the quantum tunneling of the V x a 
quanta from +(J)q to —(J)q (or vice versa). In continuum 
space, such event (often referred to as the instanton) re- 
quires singularity in the gauge field configuration. There 
is no such need on a lattice. Moreover since the total 
gauge charge (i.e. the spinon -I- holon number) per site is 
always 1, such event does not cost diverging action. For 
example a finite-action instanton event can occur by first 
shrinking the size of a fiux quantum until it is contained 
in a single plaquette, then reverse it polarity, i.e. 

1. shrink a flux quantum to one plaquette, 

2. reverse the polarity of the flux quantum, 

3. expand the reversed flux quantum to the original 
size. 

An effect of such tunneling is to produce quantum mix- 



ing between the d^^^ 
states, namely, 
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T-breaking versus non T-breaking 



pairing 



(11) 



2ki 



2k2 



Whether the overall pairing break time reversal sym- 
metry depends on the competition between the following 
^ ' energetics. First, let us ignore the quantum tunneling of 



gauge flux. Under such condition the minimum energy is 
obtained when the polarity of the flux quanta order ferro- 
magnetically. The reversal of a single flux quantum costs 
an energy equals to that of breaking two d^^-y^ + idxy 
pairs. Such energy cost is reminiscent to the spin-flip 
energy of an Ising ferromagnet. 

In this analogy instanton acts as a transverse field on 
the Ising spins. Thus the model describing the dynamics 
of gauge flux is a transverse- field-Ising-like model: 



H = -K 



<i]> 



ata^-hY^at. 



(12) 



In Eq. (113) K prefers T-breaking while h tends to restore 
T. The parameter that determines time-reversal symme- 
try breaking is i? = -^. For R > R^ T-brcaking will 
occur, and for R < R^ time reversal remains unbroken. 
The quantum critical point separating these two phases 
is where the chirality fluctuation diverges. 

If the above model is applicable to the high Tc super- 
conductors, then the K/h for the cuprates must satisfy 
R<Rc. 

In the above we have argued that the severe fluctua- 
tion (dominated by the instanton events) of V x a favors 
the formation oi dx2_y2 Cooper pairs. It is important to 
stress that each Cooper pair is made up of two physi- 
cal holes (i.e. two holons and two antispinons) carrying 
zero a^-gauge charge. Because of that the Cooper pair 
motion is not affected by the strong gauge fluctuations. 
This decoupling from the gauge field is essential for their 
ability to condense into a superconducting state. Above 
the superconducting transition the Cooper pairs persist 
to exist. |1J] It is physically clear that in the present 
scenario the formation of quasiparticle gap is not driven 
by the condensation of Cooper pairs as in the BCS the- 
ory. In addition, because the charge-fLux bound state 
has a algebraic profile in the index theorem, the present 
pairing mechanism is unlike the "molecular" limit where 
holes are tight into small real-space pairs. 

Disclaimer 

Obviously this work does not represent an unbiased 
solution of a pccific microscopic model. Moreover its 



starting point (i.e. the tt flux phase) is based on a point 
of view whose validity is not commonly accepted. [ [L3[ 
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